Computing with Signals

Jan - May 2023 IIT Guwahati
Instructors: Neeraj Sharma Lecture-05
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e Polynomial representation
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e Polynomial representation N
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e [ourier series representation

o0
. TMX
f()() — E Am Sin ( L + ()n) ﬁ sin(A + B) = sin(A).cos(B) + cos(A).sin(B)

m=0
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2 mzl - L - I

A function can be written as sum of scaled cosine() and sine() functions



Jean-Baptiste Joseph Fourier
French Mathematician & Physicist
(1768 - 1830)



FOURIER 2 Bicupy

On the Eiffel Tower, 72 names of French
scientists, engineers, and mathematicians
Jean-Baptiste Joseph Fourier are engraved in recognition of their
French Mathematician & Physicist contributions.

(1768 - 1830)



Fourier series representation

)= oy i i (am cos(mzx) 40y sin(mz$)>

m=1

e [tis sum of many (infinite) terms
e Each of the cos(.) and sin(.) term is periodic - 2L/m
e Parameters of the sum are fa_,a_,b }

e Itis a linear summation of cos(.) and sin(.), with no cross-terms



Fourier series representation

i) = “0 -+ i (a,m + b, sin(mzx)>

Let's visualize the cosine term
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Spans only even functions of period 2L
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Fourier series representation

e Consider a 2L periodic signal f(x)

e How dowe computefa_,a_, b _}to represent f(x) in the above form?

Let's first review some properties of sine and cosine functions. This will help us.



Fourier series representation
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Integration of sin(.) function over a period (or its multiples) is O.



ag 2 M . mTx
—E-I—Z(amcos 7 ) + by, sin( 7 ))

m=1

e Integration of sin(.) function over a period (or its multiples) is O.
e The same holds for cosine(.) as well.

e Thus, by integrating both sides of the above equation, we get
4 N

ag = l/L f(z)dx

\ )




Let's see a cross-term, that is multiplication of two sin(.)
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Integration of cross-terms over a period (or its multiples) is O.



Further, integration of any two cross-terms
over a period (or its multiples) is O.




The sin(.) and cosine(.) functions as used in Fourier series are orthogonal
functions.
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Familiar with orthogonal vectors in
Euclidean spaces

Visualize the vectors as composed of
values sampled from functions.

Then, orthogonality implies,
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The sin(.) and cosine(.) functions as used in Fourier series are orthogonal
functions.
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Related by
Riemann integral
approximation.

2L
<f,g>= ! f(x)g(x)dx = 0O

For functions, the inner
product is equal to O.
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e Thus, by multiplying both sides by corresponding sin() or cosine()

term and integrating, we get

4 N
e 1= %/_LL flz) Cos(mﬂm)dx, and
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Summary,

o

_ @ mnx . mTx
f(z) = 5 +7nz::1 (amcos( 7 ) + by, sin( 7 ))
L
ag = %/_Lf(:l;)dx

1 L
Am = Z/_L f(z) COS(mzx)dac, and

1 (L
bm = Z/_L filx) sin(mzx)dx,




Consider the signal,
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Consider the signal,
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Consider the periodic signal,

-l R

\ 2L % 2L

Can we express this signal using a Fourier series




Consider the periodic signal,
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Fourier series approximation,

1.00

0.75

0.50

0.25

5 0.00
-0.25 -
-0.50 -
-0.75 -

—-1.00 H

__0
fl@) =2+

-2 0
x (domain variable)

M
mm: mnx
: b )
mZ=1(a cos( 7 ) + by sin(—— 7 )
10° 1 Error
M=20
g
1072 1
2 4 6

M [terms]



Another example,
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f(x)

Fourier series approximation,
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Fourier series approximation,
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Summary, Fourier series approximation,

FB) = % - % (am cos(mzx) + by, sin(mzx))

m=1

e Can model (or represent) a periodic signal
e Parameters of the model are {ao, a_, bm} and M

e Suitable if signal has oscillatory patterns (or fluctuations)



Do periodic signal exist in real-life?
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EEG signal (correlate of electrical activity in the brain)
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If you want to find the secrets of the
universe, think in terms of energy,
frequency and vibration.
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Air pressure associated with spoken speech utterance

,Stock market fluctuations

MNMH,_

i""(‘u\”\’ﬂ,ﬂ.p!‘-‘. PN
IERRERAEAN

P
'

ﬂ#'t"&’hw‘“

W

and a lot more! .... We will continue next class.
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